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Abstrat. We suggest a new method for estimating the fratal dimension of
the spatial distribution of galaxies, the method of seleted ylinders. We show the
apabilities of this method by onstruting a twopoint onditional olumn density for
galaxies with known redshifts from the LEDA database. The fratal dimension of a
sample of LEDA and EDR SDSS galaxies has been estimated to be D = 2.1 ± 0.1
for ylinder lengths of 200 Mp. Amajor advantage of the suggestedmethod is that it
allows sales omparable to the atalog depth to be analyzed for galaxy surveys in the
form of onial setors and small fields in the sky.
Key words: galaxies, groups and lusters of galaxies, intergalati gas, spatial galaxy
distribution, fratal dimension.
1.INTRODUCTION
Various methods are used to statistially analyze the spatial distribution of galaxies.
An overview of these methods is given in the monographs by Martinez and Saar (2002)
and Gabirelli et al. (2004), who, in partiular, onsidered stohasti point fratal
proesses.
The method of a onditional number density suggested by Pietronero (1987) and
applied to available galaxy redshift surveys by Silos-Labini et al. (1998) is a standard
method for analyzing the fratal strutures of galaxies. When applied to various sam-
ples, this method yields fratal dimensions D of the spatial galaxy distribution ranging
from 1.6 to 2.2. To implement this method requires sequentially seleting the spherial
volumes in the initial sample of galaxies and ounting the objets in these spherial
volumes. Sine real galaxy surveys often have the form of narrow onial setors, the
method of a onditional number density is limited by the radius of the largest sphere
that ompletely fits into the volume of a given survey.
In this paper, we suggest a new method for estimating the fratal dimension the
1
method of seleted ylinders. Its advantage over the method of a onditional number
density is that it does not require invoking the spherial volume of a sample, but an
be applied to narrow spatial layers, beause it uses information about the distribution
of objets along the segments onneting the pairs of points in the struture.
2. STOCHASTIC FRACTAL STRUCTURES
2.1. The Density of Stohasti Fratal Strutures
The onept of fluid (gas) density, whih is ommonly used in hydrodynamis,
ontains the assumption that there is a density that does not depend on the volume
element dV. We an then determine the density ̺(~x) at point ~x and treat it as an
ordinary ontinuous funtion of the position in spae. In the problem of analyzing the
flutuations, ̺(~x) an be a realization of a stohasti proess for whih the ordinary
moments are speified: the mean, the variane, et. In partiular, this an be a disrete
proess ontaining a finite number of points, for example, a Poisson proess with a
partile number density n(~x). For fratal strutures, the onept of partile number
density at a point does not exist, beause eah volume element of the struture ontains
an hierarhy of lusters and the number density depends signifiantly on the volume
element dV (Mandelbrot 1982). To desribe the ontinuous hierarhy of lustering,
whih is a new harateristi of the proess, we must introdue a new independent
variable the radius r of the region in whih the partiles are ounted. In this ase,
the number of partiles in a selfsimilar struture inreases as a power law
N(r) = B · rD (1)
Here, D is the fratal dimension, and B = N0/r
D
0 is determined by the number N0
of objets within the zerolevel sale r0. Two funtions are used to haraterize the
density of fratal strutures, n
V
(r) = N(r)/V (r), n
S
(r) = (dN/dr)/S(r), V (r) =
(4π/3)r3, S(r) = 4πr2. Let us onsider a disrete stohasti proess whose realizations
represent the sets of points at random positions {~xi}, i = 1, ...N, so the realized partile
number density n(~x) is given by
n(~x) =
N∑
i=1
δ(~x− ~xi) . (2)
If we the stohasti proess is fratal, then an additional fratal variable r that hara-
terizes the degree of singularity of the fratal struture must be onsidered to desribe
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it. Let NV (~xa, r) denote the number of partiles in the sphere of radius r entered at
point ~xa, in the struture:
NV (~xa, r) =
∫ r
0
n(~x)d3x , (3)
and NS(~xi, r) is the number of partiles in the shell r, r +△r entered at point ~xa in
the struture:
NS(~xa, r) =
∫ r+△r
r
n(~x)d3x . (4)
When we pass from one realization to another, these quantities undergo flutuations;
a dependene on the sale r remains after averaging over the set of realizations. For
ergodi proesses, the averaging over realizations may be replaed with the averaging
over the points of one realization. Aording to Pietroniero (1987), the onditional
number density of a stohasti fratal proess an be defined as
η(r) =
〈
NS(~xa, r)
4πr2△r
〉
~xa
=
1
N
N∑
i=1
1
4πr2△r
∫ r+△r
r
n(~x)d3x =
DB
4π
r−(3−D) , (5)
while the volume onditional number density is
ηV (r) =
〈
NV (~xa, r)
(4π/3)r3
〉
~xa
=
1
N
N∑
i=1
3
4πr3
∫ r
0
n(~x)d3x =
3B
4π
r−(3−D) , (6)
Here, 〈·〉~xa denotes the averaging performed on the ondition that the enters of
the spheres are loated at the points oupied by the partiles of the realization (hene
the name onditional), and the last equalities in (5) and (6) apply to the ideal fratal
strutures (1), for whih ηV (r) = (3/D)η(r). The exponent in the onditional number
density
γ = 3−D (7)
is alled the fratal odimension of the struture. A fundamentally important property
of the onditional number density is that for proesses with finite fratal sales beyond
whih the partile distribution beomes uniform, statistis (5) and (6) reah onstant
values, whih orresponds to the equality D = 3 for homogeneous strutures. Thus,
the method of a onditional number density is a powerful tool in searhing for the
boundary of the transition from fratal lustering to homogeneity.
2.2. The Two-Point Conditional Column Density
The onditional number densities of stohasti fratal proesses onsidered above
are onepoint densities, beause the enter of the sphere in whih the partiles are
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ounted is plaed at one point {a} with oordinates {~xa}. In some osmologial prob-
lems, for example, those related to gravitational lensing (see, e.g., Baryshev and
Bukhmastova 1997), it is neessary to use twopoint onditional number densities
where the two partiles {a, b} with oordinates {~xa, ~xb} are fixed. The transition
from the onepoint to twopoint onditional number densities in the analysis of fratal
strutures is similar to the transition from the twopoint to threepoint orrelation
funtions in the analysis of ordinary stohasti proesses. To haraterize the par-
tile distribution along the ylinder whose axis onnets two points of the struture
{a, b} ⊂ {xi , i = 1, ..., N}, let us introdue the onept of twopoint onditional
olumn density ηab(r) of a stohasti fratal proess. Aording to Mandelbrot's os-
mologial priniple, partiles a and b are statistially equivalent; therefore, the one
point onditional partile number density for eah of the points is given by formula
(5), whih is proportional to the probability of partile ourrene at distane r from
the fixed point of the struture. In the ase of two independent fixed points of the
struture spaed rab = |~xa − ~xb| apart, event C that onsists in the ourrene of a
partile at distane ra from point a and the independent ourrene of a partile at
distane rb from point b of the fratal struture is given by the union C = A
⋃
B, of
the events pertaining to eah of the fixed points a and b. The assumption that events
A and B are independent is the first simple step and an be generalized to dependent
events. However, appliations of the ylinder method to real fratal strutures have
shown that the assumption of independene is a satisfatory approximation. Let us
onsider the ase where a fratal struture is superimposed on the bakground of an
additional homogeneous Poisson proess. The twopoint onditional olumn density
an then be represented as the sum of the onepoint onditional number densities on
a Poisson bakground:
ηab(r) = ηa(r)+ηb(rab− r)+ c =
DB
′
4π
· rD−3ab ·
[(
r
rab
)D−3
+
(
1−
r
rab
)D−3
+ c0
]
, (8)
Here, the distane r is measured along the retilinear segment onneting partiles
a and b and simultaneously determines the radius r of the sphere entered at the first
point and the radius rab−r of the sphere entered at the seond point, and the onstant
B
′
an be determined from the normalization ondition that inludes the ontribution
from the homogeneous bakground speified by the onstants c and r0. The volume
elements in this formula are distributed along the segment ab, and, in this sense, r
is a onedimensional Cartesian oordinate. The following statistis an be used as an
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estimate of ηab(r) :
ηab(r) =
〈
Nc(~xa, ~xb, r, h, △r)
πh2△r
〉
{a,b}
=
1
Nab
Nab∑
{a,b}
1
πh2△r
∫ r+△r
r
∫ h
0
n(~x)2πh dh dr ,
(9)
where Nc is the number of partiles in the volume element of a ylinder with the base
radius h and height △r, and with the axis onneting partiles a and b that belong
to the fratal struture at distane r from partile a, whih also orresponds to the
distane rab − r from partile b. The averaging is over all pairs of points with the
ylinders of length l = rab ±m, where the distane m is determined by the hoie of
disreteness in ray length in the sample of objets under onsideration.
2.3. An Algorithm for Estimating the TwoPoint Conditional Column Density
Let us now onsider a pratial algorithm of the method of seleted ylinders to
estimate the olumn density of objets (galaxies) between speifi pairs of points in
the struture (fixed galaxies). These points (galaxy enters) are plaed at the enters
of the ylinder bases. The ylinder radii are hosen to be muh smaller than the mean
separation between the elements of the struture estimated for the sample volume
under onsideration. We hoose objets with known equatorial oordinates α, δ and
redshifts zG from the atalog of galaxies being studied.
Step 1. Sine a substantial amount of dust is onentrated in the plane of the
Galaxy, the number of galaxies observed through the Galati equator is signifiantly
redued. To prevent the distortions introdued by this observational seletion, let us
divide our sample into two parts. To this end, we alulate the Galati oordinate b
of eah galaxy in the sample and attribute the galaxies of the Northern (b > 10◦) and
Southern (b < −10◦). Galati hemispheres to the first and seond parts.
Step 2.We transform the equatorial oordinates of The galaxies into their Cartesian
oordinates: α, δ, zG → x, y, z.
Step 3. We hose any two galaxies and denote the oordinates of their enters
by (x1, y1, z1) and (x2, y2, z2) respetively. We plae the points with these oordinates
at the enters of the ylinder bases. We hoose the ylinder radius h = 1 · 10−4 · RH ,
where RH = c/H = 5 · 10
6
kp (below, H = 60 km s −1 Mp −1 is used).
Step 4. We examine all of the remaining galaxies in the sample in turn. Every
time, we denote the oordinates of the galaxy enter as (x3, y3, z3). Following Fig.1, we
determine the distane from the point with oordinates (x3, y3, z3) to the ylinder axis
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h3 = sinA · a3 · RH , where cosA =
a23 + a
2
1 − a
2
2
2a3a1
,


a1 =
√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2
a2 =
√
(x3 − x1)2 + (y3 − y1)2 + (z3 − z1)2
a3 =
√
(x3 − x2)2 + (y3 − y2)2 + (z3 − z2)2
The Seletion Criterion: If the galaxy (x3, y3, z3) falls into the ylinder h3 < h,
then we alulate the ratio r13/r12 = a(sine the base of the seleted ylinder is muh
smaller than its height, we assume that r13 ∼ is the projetion onto the axis).
Output data of the method: the total number N of events when galaxies fall
into ylinders, the number N(a) of events when galaxies fall into ertain parts of the
ylinder, and N(a)/N is the olumn density of the objets between points (x1, y1, z1)
and (x2, y2, z2). Let us now write formula (8) as
N(a)
N
= 0.5·
(
(R · a)−α + (R · (1− a))−α + b
)
. (10)
where R is the fator defined as the ratio of the maximum length of the segments in the
sample to the minimum fratal sale in the sample, b is the onstant orresponding to
the bakground Poisson distribution, and α is the exponent that determines the fratal
dimension D = 3 − α. The sample should be analyzed to determine the parameters
R, α, b. If the real distribution of galaxies is fratal, then galaxies statistially prefer
to be lustered toward the ends of the ylinders loated in any two fixed galaxies. Thus,
the prinipal idea of fratality is demonstrated: all galaxies are equivalent elements of
the struture, and the variations in the number density of the objets with distane
from the galaxies follows the same pattern.
3. APPLICATION OF THE METHOD
3.1. A Mok Uniform Distribution
Aording to formula (8), for a uniform distribution of objets in spae (D = 3),
the onditional two point density is onstant. To hek whether the algorithm in
this simple ase is efiient, we simulated a mok atalog of galaxies with a Poisson
distribution of 2500 points in spae. Figure 2 shows the distribution of galaxies between
any two fixed points in this ase. It an be immediately seen from this figure that for
a uniform distribution of objets in spae, there is no lustering toward the ends of the
segments.
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3.2. The LEDA Sample of Galaxies
The LEDA database (Paturel 1997) gives the following astrophysial parameters of
galaxies: designations, morphologial desriptions, diameters, magnitudes in various
olor bands, radial veloities, entral veloity dispersion, et. The LEDA sample of
galaxies ontains observational data from various atalogs. Spatial oordinates are
presented for 77 483 galaxies with redshifts z ranging from 10−4 to 0.25. Aording to
SilosLabini et al. (1998), the ompleteness of the LEDA database is: 90% for galaxies
with mB ≤ 14.5 and known redshifts, 50% for galaxies with mB ≤ 16 and known
redshifts, and 10% for galaxies with mB ≤ 17 and known redshifts.
Let us now apply the method of seleted ylindersto the LEDA sample of galax-
ies. We limit the sample by redshift and absolute magnitude. Consider the volume
omplete samples of galaxies with M < −17 separately for the Northern and Southern
Galati hemispheres. Thus, the number of galaxies with z < 0.02(∼ 100 Mp) is 7265
and 6467 in the Northern and Southern parts of the sky, respetively. The galaxies
are fixed in pairs. The points with the oordinates of the enters of these galaxies are
loated at the ylinder bases. All of the remaining Northern and Southern sky galaxies
are heked to see whether they belong to these ylinders. We sort the ylinders by
height (by segment lengths). How are the galaxies distributed in the fixed ylinders
between two fixed galaxies?
A distintive feature of a fratal is its selfsimilarity on any sale. To make sure
that this assumption is valid for the LEDA sample of galaxies, let us single out several
subsamples from the total sample ontaining the set of segments of various lengths.
The first subsample ontains all of the segments with lengths up to 50 Mp, the seond
subsample ontains the segments with lengths from 50 to 60 Mp, the third subsample
ontains the segments with lengths from 90 to 100 Mp, and the fourth subsample
ontains all of the segments with lengths up to 100 Mp. Based on formula (8), we an
establish the analytial dependene N(a)/N and estimate the fratal dimension of the
distribution on various spatial sales. Table 1 gives the results of our omputations.
Figures 3 and 4 show a plot of N(a)/N for the entire set of segments of various lengths
(up to 100 Mp) for the Southern Galati Sky on linear (Fig.3) and logarithmi (Fig.4)
sales. Aording to formula (8), this plot allows us to estimate the fratal dimension
of the galaxy distribution in spae (i.e., to determine D = 3 − α). The exponent α
speifies the slope of this funtion. By varying α, we hoose an optimum value in suh
a way that the slope of the derived funtion orresponds to the LEDA data with the
minimum rms dispersion of the fit σfit, whih is defined as the square root of the sum
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of the squares of the difierenes between the theoretial (solid line) and observed values
of N(a)/N.
Table 1
Catalog Number of gal. Cylinder length, D = 3− α R σfit
with M<-17 Mp
LEDA_S 6467 0100 2.02 243.16 0.015
LEDA_S 90100 2.01 245.03 0.041
LEDA_S 5060 1.98 216.49 0.025
LEDA_S 050 2.18 439.64 0.028
LEDA_N 7265 0100 2.12 331.44 0.013
LEDA_N 90100 2.08 300.10 0.041
LEDA_N 5060 2.07 280.45 0.019
LEDA_N 050 2.22 515.69 0.027
LEDA_se 1 1155 50200 2.08 288.80 0.015
LEDA_se 2 385 50200 2.02 229.22 0.070
SDSS 1505 0250 2.00 399.89 0.009
An important result is that b is equal to zero in all of the ases onsidered. This
implies that the observed distribution is purely fratal for all ylinder lengths, and
no homogeneous Poisson bakground is observed. As expeted for fratal strutures,
the objets are lustered toward the ends of the segments, and the theoretial depen-
dene (8) well desribes the observations without the additional assumption about the
presene of a homogeneous bakground.
For ylinders of various heights, we obtained dependenes similar to those shown
in Figs.3 and 4. This implies that on difierent spatial sales, the galaxy distribution
between the pairs of fixed galaxies obeys the same law (10) with a fratal dimension
lose to 2. The fitting parameters R and D in formula 10 and σfit for various lengths
are listed in the table.
To demonstrate the efiieny of the method for narrow onial setors, we onsid-
ered the two orresponding subsamples of LEDA galaxies presented in the table. The
first setor ontains 1155 galaxies with M < −17, 0.01 < z < 0.04 and oordinates
α = 143◦ ÷ 207◦, δ = 23◦ ÷ 28◦. Figure 5 shows the distribution of galaxies in the
first setor between the pairs of fixed galaxies on a linear sale. Setor 2 ontains 385
galaxies from the LEDA database with M < −17, 0.01 < z < 0.04 and oordinates
α = 0◦ ÷ 57◦, δ = −5◦ ÷ 0◦. The dependenes for setor 2 are idential to those of
setor 1, and the parameters D, σ,R are listed in the table.
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3.2. The Sample of EDR SDSS Galaxies
To illustrate the appliation of our method to a sample of galaxies from a survey in
the form of a narrow onial setor, we onsidered one band from EDR SDSS (the data
were taken from the SDSS Web page). The table gives the results of our omputations
of the galaxy distribution in ylinders with lengths up to 250 Mp in the setor with
oordinates α = 145◦ ÷ 235◦, δ = −1.3◦ ÷ 1.3◦. Figures 7 and 8 show plots of the
distribution of 1505 galaxies along the ylinders of all sizes up to 250 Mp. The fratal
dimension was estimated from formula (8) to be D = 2.00. In the latter ase, there is
apparently evidene for a homogeneous bakground. The onstant of the homogeneous
bakground is b = 0.0026. However, this issue requires a more detailed analysis.
4. CONCLUSIONS
In this paper, we have suggested a new method for analyzing stohasti fratal
strutures and showed that it an be implemented in priniple. Our analysis of a sam-
ple of LEDA galaxies indiated that the method of segments with two fixed points
(themethod of seleted ylinders) an be suessfully used to estimate the fratal di-
mension of the spatial strutures of galaxies in surveys in the form of narrow onial
setions. We used a sample of LEDA galaxies as an example to show that the esti-
mated fratal dimension of the spatial distribution of galaxies agrees with the value
obtained by the method of a onepoint onditional number density (SilosLabini et al.
1998).
The fratal dimension for the samples of LEDA and EDR SDSS galaxies estimated
by our method is D = 2.1± 0.1. The maximum fratal sale is limited by the length of
the segments used in our analysis (200 Mp). An analysis of magnitudelimited samples
indiated an insignifiant influene of seletion effets on the suggested method. The
apabilities of the new method will be analyzed in detail in a separate paper. Note
only that the main advantage of the method of a onditional olumn density is that it
allows sales omparable to the atalog depth to be analyzed for galaxy surveys in the
form of onial setors and small fields in the sky.
Translated by A. Dambis.
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